Abstract. For a linear autonomous difference equation with a unique real eigenvalue λ 0 , it is shown that for every solution x the ratio of x and the eigensolution corresponding to λ 0 is Cesàro summable to a limit which can be expressed in terms of the initial data. As a consequence, for most solutions the Lyapunov characteristic exponent is equal to λ 0 . The proof is based on a Tauberian theorem for the Laplace transform.
The monotonicity and left continuity of η at zero imply that Var [s,0] 
− and hence the difference operator D is atomic at zero (see [6] for a definition). By known existence theorems (see, e.g., [6, Chap. 12] ), the initial value problem (1)-(3) has a unique solution on [−r, ∞). We shall write x(t) = x(t, ψ) for the unique solution of (1) and (3).
The characteristic equation corresponding to (1) is
It is easy to show that under the above hypotheses on η, ∆(−∞) = −∞, ∆(∞) = 1 and
Consequently, the characteristic equation (4) has a unique (simple) real root λ 0 . Our aim in this note is to show that for every ψ ∈ C D the function x(t, ψ)e −λ 0 t is Cesàro summable to a limit l(ψ) which can be expressed explicitly in terms of the initial data ψ.
Theorem 1.
Let the above hypotheses on η hold. Then for every ψ ∈ C D the limit
exists, and its value is given by
The proof of Theorem 1 will be based on the following Tauberian theorem for the Laplace transform (see [9, Chap. 8 
Proof of Theorem 1. Let ψ ∈ C D be arbitrary. Define
From (1) and (2), we obtain for t ≥ 0,
Choose M > max −r≤t≤0 |y(t)|. We shall show that
Otherwise, there exists t 1 > 0 such that
From (10), it follows by well-known properties of the Riemann-Stieltjes integral
for δ ∈ (0, r). By virtue of (12), we have
We claim that if δ > 0 is sufficiently small, then the inequality in (14) is strict. Indeed, by the hypotheses on η, η(−r) < η(0) and therefore η(−r) < η(−δ) for all sufficiently small δ by the left continuity of η at zero. If δ is chosen in this way, then
where f (θ) = (M − |y(t 1 + θ)|)e λ 0 θ > 0 for −r ≤ θ ≤ −δ by the first (strict) inequality in (12). Thus, (14) holds with a strict inequality. Using this and (15) in (13), we obtain
a contradiction. (We have used the fact that λ 0 is a root of (4).) Consequently, (11) holds and therefore the Laplace integral (7) converges for all s > 0.
Taking the Laplace transform of (10) and changing the order of integration on the right-hand side, we find for s > 0, Since λ 0 is a root of (4), g(0) = 0 and hence
by l'Hospital's rule. From this and (16), we obtain
with l(ψ) as in (6) . By Theorem 2, this implies (5).
Remark. In the previous proof, the monotonicity of η is used only to show the boundedness of the function y(t) = x(t, ψ)e −λ 0 t , t ≥ 0. The same proof shows that if the kernel η is merely of bounded variation on [−r, 0] and we know a priori that a solution x(t, ψ) of (1) with ψ ∈ C D is of order
where λ 0 is a simple real characteristic value, then the Cesàro summability (5) holds with a limit l(ψ) given by (6) .
For ψ ∈ C D , the (Lyapunov) characteristic exponent α(ψ) of the solution x(t, ψ) of (1) is defined by
The following simple corollary of Theorem 1 shows that for "almost all" solutions, α(ψ) = λ 0 . Proof. C D is the kernel of the linear functional D : C → R. Since D is continuous, its kernel is a closed subspace of C and thus it is a Banach space. The proof of the corollary will be complete if we prove the following two claims:
As shown in the proof of Theorem 1, the function x(t, ψ)e −λ 0 t is bounded for t → ∞. Therefore α(ψ) cannot be greater than λ 0 . Thus, α(ψ) < λ 0 and hence x(t, ψ)e −λ 0 t tends to zero (exponentially) as t → ∞. Consequently, for every > 0 there exists T > 0 such that
Letting t → ∞ in the last inequality and using (5), we get |l(ψ)| ≤ . Since > 0 was arbitrary, l(ψ) = 0 and ψ ∈ N . Proof of (ii). Since l : C D → R is continuous (see (6) Remark. The property that for most solutions the asymptotic behavior can be determined in terms of a simple real dominant characteristic value has been observed in many other linear systems (see, e.g., [2] , [3] , [4] , [5] , [7] , [8] for related results).
Eq. (1) includes as a special case the equation
where the coefficients a i are nonzero real numbers and 0 < τ 0 < τ 1 < · · · < τ k . In this case, r = τ k and the kernel η in the representation of D is given by Finally, let us mention a recent result due to Philos and Purnaras [8] which is relevant to our study. They have considered Eq. (17) under the additional assumption that the delays τ i are commensurable in the sense that for each i = 1, 2, . . . , k, 
